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ABSTRACT
Contrary to the popular belief that “infinity is not
a number; it’s a concept,” numbers that are not fi-
nite do exist. Mathematicians call them transfinite
numbers. Just like ordinary numbers, some trans-
finite numbers are larger than others. This can be
thought of as there being different levels of infinity,
where some infinities are “more infinite” than oth-
ers. If we draw a family tree in which every gener-
ation has finitely many offspring, and every chain
of descendants is finite, then it is clear that we can-
not have infinitely many family members. In the
realm of the transfinite, things are not as intuitive:
If we draw a family tree in which every generation
has offspring at a certain level of infinity, and ev-
ery chain of descendants is at that same level of in-
finity, it is possible (though not necessary) that the
total number of family members is at a higher level
of infinity.
ORDINALS
Informally, we can define the ordinals as follows:
0 = {}
1 = {0}
2 = {0, 1}
3 = {0, 1, 2}
...
ω = {0, 1, 2, . . . }
ω + 1 = {0, 1, 2, . . . , ω}
ω + 2 = {0, 1, 2, . . . , ω, ω + 1}
...
ω + ω = {0, 1, 2, . . . , ω, ω + 1, . . . }
ω + ω + 1 = {0, 1, 2, . . . , ω, ω + 1, . . . , ω + ω}
...
We usually visualize them to be ordered like so:
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Definition. ω1 is the least uncountable ordinal.
MOTIVATION
Theorem. There exists a tree of infinite height, whose
branches are all of finite length.
Proof. Consider the set of all decreasing sequences
of natural numbers, ordered by inclusion.
This example challenges our intuition about trees.
König’s Lemma tells us that this unexpected behav-
ior is due to the existence of levels that are too wide.
Theorem (König’s Lemma). If T is a tree of height ω,
all of whose levels are finite, then T must have a branch
of length ω.
In fact, this is true for an arbitrary cardinal.
Theorem (The Generalized König’s Lemma). Let κ
be a cardinal. If T is a tree of height κ, all of whose levels
are finite, then T must have a branch of length κ.
AN ARONSZAJN TREE
Lτ(k+1)
Lτ(k)
Ldomn
Lλ
Lα+1
Lα
n
µ(k)
µ(k + 1)
m(n, q, λ)
n
n ∪ 〈α, q〉
sup rann = σ(0)
sup ranµ(k) = σ(k)
sup ranµ(k + 1) = σ(k + 1)
sup ranm(n, q, λ) = q
(∀β < λ (P (β)))→ P (λ)
P (α)→ P (α+ 1)
Theorem. There is an Aronszajn tree.
Proof outline. We will define the levels Lα by trans-
finite recursion.
Let P (α) be the logical conjunction of the following
statements.
(i) Lα ⊆ αQ.
(ii) |Lα| ≤ ℵ0.
(iii) For every m ∈ Lα,
(a) m is increasing,
(b) sup ranm ∈ Q, and
(c) m  β ∈ Lβ for all β < α.
(iv) For each n ∈ ⋃β<α Lβ and each q ∈ Q
that satisfies q > sup rann, there exists
m(n, q, α) ∈ Lα such that m(n, q, α) ⊃ n and
sup ranm(n, q, α) = q.
Define L0 = {∅} so that P (0) holds trivially.
Given Lα and that P (α) is true, define Lα+1 =
{n ∪ {〈α, q〉} : n ∈ Lα ∧ q ∈ Q ∧ q > sup rann},
with the convention that sup ran∅ = −∞. We can
verify that P (α+ 1) is true as well.
Now, let λ < ω1 be a limit ordinal and suppose
that P (β) is satisfied for each β < λ. We define
Lλ = {m(n, q, λ) : n ∈
⋃
β<λ Lβ ∧ q ∈ Q ∧ q >
sup rann}, wherem(n, q, λ) is constructed in the fol-
lowing manner.
First, choose increasing sequences σ : ω → Q and
τ : ω → λ such that σ(0) = sup rann, supσ = q,
τ(0) = domn, and sup τ = λ.
Next, define µ : ω → ⋃β<λ Lβ recursively by µ(0) =
n and µ(k+1) = m(µ(k), σ(k+1), τ(k+1)) for every
k ∈ ω.
Finally, define m(n, q, λ) =
⋃
k∈ω µ(k).
It can be shown that P (λ) holds, thereby completing
the recursion.
ORDERS
Definition. A set X is linearly ordered if and only if
for all a, b ∈ X , we have a < b, a = b, or b < a.
Definition. A set W is well-ordered if and only if
every nonempty subset of W has a least element.
Definition. Suppose W is a well-ordered set, α is
an ordinal, and f : W → α is a bijection such that
for all a, b ∈W , we have a < b if and only if f(a) <
f(b). Then W is said to be of order type α.
Theorem. Every well-ordered set has a unique order
type.
TREES
Definition. A tree is an ordered set 〈T,<〉 with the
property that for each x ∈ T , the set {y ∈ T : y <
x} is well-ordered.
• The height of x ∈ T is
h(x) = order type of {y ∈ T : y < x}.
• The height of T is
h(T ) = sup{h(x) + 1 : x ∈ T}.
• The α-th level in T is
Lα = {x ∈ T : h(x) = α}.
The width of Lα is its cardinality |Lα|.
• A branch is a linearly ordered subset B ⊆ T ,
such that if B ⊂ C ⊆ T , then C is not linearly
ordered. The length of a branch is its order
type.
Definition. An Aronszajn tree is a tree of height ω1,
such that none of its levels has uncountable width,
and none of its branches has uncountable length.
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